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, remark . 3 ,
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sphit $\mathit{0}_{n}$ , .
$\mathit{0}_{n}=\{X\in \mathrm{M}\mathrm{a}\mathrm{t}_{n}(\mathrm{C}); {}^{t}XS_{n}+S_{n}X=0\}$ , $S_{n}=(\delta_{i,n+1-j})_{i,j}=(_{1}^{0}\cdot\cdot$ $01)$ .
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, $E_{ij}$ \rangle $\mathit{0}_{n}$ , , $F_{ij}$ $n,$ $\cross n$ $\mathrm{F}$
.
$F_{ij}=E_{ij}-E_{n+1-j,n+1-i}$ $\in \mathit{0}_{n}$ ,
$\mathrm{F}=(F_{ij})_{1\leq i,j\leq n}$, $\in \mathrm{M}\mathrm{a}\mathrm{t}_{n}(U(0_{n}))$ ,
, $C_{n}(v_{\eta})\in \mathrm{M}\mathrm{a}\mathrm{t}_{n}(U(\mathit{0}_{n}))$ , $U(\mathit{0}_{n})$ 3
.
$C_{n}(u)=\det(\mathrm{F}+uI_{n}+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}\mathfrak{y}_{n})\sim$ . (1)
, $n\in \mathrm{C}$ , $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}\mathfrak{h}_{n}\sim$ , $n$-tuple $5_{n}$ $n$ .
$\sim\#_{n}=\{$
$(m-1, m-2, \ldots, 0;0, -1, \ldots, -m, +1)$ $(n=2\prime m)$ ,
$(m- \frac{1}{2}, m-\frac{3}{2}, \ldots, \frac{1}{2};0;-\frac{1}{2}, -\frac{3}{2}, \ldots, -m+\frac{1}{2})$ $(n=2m+1)$ .
(2)
Remark 1. $\sim\#_{n}$ , $\rho-$
. $n=^{\iota}2^{t}m$ , $\rho=(m-1, m-2, \ldots, 1,0)$ , $\mathrm{F}$
, $(F_{11}, F_{22}, \ldots, F_{mm};-F_{mm}, \ldots, -F_{11})$ , $\sim\#_{n}=\rho(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\mathrm{F}))$
. , $n=2m+1$ , $\rho=(m, -1/2, m-3/2, \ldots, 1/2)$ , $\mathrm{F}$
, $(F_{11}, F_{22}, \ldots, F_{mrn};0;-F_{mm}, \ldots, -F_{11})$ ,
$\sim \mathfrak{h}_{n}=\rho(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\mathrm{F}))$ . $\rho$ ,
$\{F_{11}, F_{22}, \ldots, F_{mm}\}$ .
.
[Cap90] , $\#_{n}=(\uparrow l-1, \uparrow l-2, \ldots, 0)$
, – $\rho-$ . , Howe-
Umeda [HU91] $\#_{n}$ ,
$\rho-$ . ,
, .
Remark 2. Split , $0_{n}$, ,
, $C_{n}(\tau\ell)$ Harish-Chandra
(Theorem 8). , $C_{n}(u)$ , $u$ $u^{d}$ , $u$
$u^{\underline{d}}=u(u-1)\cdots(u-d+1)$ , $\mathrm{F}$









$\bullet$ Harish-Chandra ( ) ,
.
2 . $\mathfrak{g}\mathfrak{l}_{n}$ , $E_{\iota’’}J$ $\mathrm{E}=$
(E l $\leq \mathrm{n},7\leq\prime \mathrm{n}\in \mathrm{M}\mathrm{a}\mathrm{t}_{\mathrm{n}}(\mathrm{U}(\mathfrak{g}\mathfrak{l}_{n}))$ ,
$C_{n}^{gl_{n}}(u)=\det(\mathrm{E}+uI_{n}+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, 0))$ ,
, Harish-Chandra , S( )
$(E_{11}+u)\cdots(E_{nn}+u)$ . $u$ ,
$E_{11}$ , . . . , $E_{nn}$ . $\mathit{0}_{n}$ , $(u)$




, $u$ $F_{11}^{2},$ $\ldots,$ $F_{mm}^{2}$
3 $C_{n}(u)$
(1) $C_{n}(u)$ $U(0_{n})$ .
,
. $n$ $\mathrm{C}^{n}$ $\{e_{1}, e_{2}, \ldots e_{n}\}$ , $\mathrm{C}^{n}$ $\wedge \mathrm{C}^{n}$
. $n\mathrm{x}n$ $\Phi=(\Phi_{ij})$ , $\eta_{j}=\sum_{i=1}^{n}e_{i}\Phi_{ij}$ ,
$\eta_{1}\eta_{2}\cdots rb=e_{1}e_{2}\cdots e_{n}\det\Phi$ ,
$\eta j$
$\Phi$ - . , - $\det\Phi$
$\det\Phi=\sum_{\sigma\in \mathrm{e}_{n}}\mathrm{s}\mathrm{g}\mathrm{n}(n)\Phi_{\sigma(1)1}\cdots\Phi_{\sigma(n)n}$
,
. , $R=\wedge \mathrm{C}^{n}\otimes \mathrm{c}U(\mathit{0}_{n})$
, $C_{n}(u)$ .




$(u_{1}, u_{2}, \ldots, u_{n})=(u, u, \ldots, u)+\mathfrak{h}_{n}\sim$
. $u_{j}$ .
$C_{n}(u)$ , $k,$ $l$
$[F_{k\mathrm{t}}, \eta_{1}(u_{1})\cdots\eta_{n}(v_{n})]=0$ ,
, $R=\wedge \mathrm{C}^{n}\otimes \mathrm{c}U(\mathit{0}_{n})$ $\mathit{0}_{n}$ .
, , :
$0_{n’}\backslash \pi \mathrm{C}^{n}$ ( ), $o_{n}\mathrm{c}\backslash U(\mathit{0}_{n})\mathrm{a}\mathrm{d}$ ( ).
$\mathit{0}_{n}$
$R$ , $\pi\otimes \mathrm{a}\mathrm{d}$ .
$\eta_{j}(u)$ .
Lemma 4. $u\in \mathrm{C}$ , .
(1) $\eta_{i}(u)\eta_{j}(u-1)+\eta_{j}(u)\eta_{i}(u-1)=-\delta_{i,n+1-j}\Theta$ ,
(2) $\eta_{i}(u)\eta_{i}(u-1)=.-\frac{1}{2}\delta_{2i,n+1}\Theta$ .
$= \sum_{;,j=1}^{n}’ e_{i}e_{j}F_{i,n+1-j}$ .
: $\mathfrak{g}\mathfrak{l}_{n}$ $\mathrm{F}$ $\mathrm{E}$ , (1) (2)
. Howe-Umeda ,
, . , (2)
(1) $i=j$ .
Proof. (1) . , $F_{ij}$
$[F_{ij}, F_{kl}]=\delta_{jk}F_{il}-\delta_{li}F_{kj}-\delta_{j,n+\iota-\mathrm{t}}F_{i,n+1-k}+\delta_{n+1-k.i}F_{n+1-l,j}$ . (3)
$\text{ },$ $\eta_{k}\eta\iota+\eta\iota\eta_{k}=\sum_{i,j}e_{i}e_{j}[F_{ik}, F_{jl}]\text{ }$ ,
$\eta_{k}\eta\iota+\eta\iota\eta_{k}=\eta\iota e_{k}+\eta_{k}e_{l}-\delta_{k,n+1-1}\Theta$
. , $e_{i}\eta_{j}$ $+\eta_{j}e_{i}=0$ , $\eta_{k}(u)m(u-1)+\eta\iota(u)\eta_{k}(u-1)=$
$\eta_{k}\eta\iota+\eta\iota\eta_{k}-\eta\iota e_{k}-\eta_{k}e\iota$ , (1) .
$\eta_{j}(u)$ $\mathit{0}_{n}$ .




$( \pi\otimes \mathrm{a}\mathrm{d})(F_{kl})(\sum_{i}e_{i}(F_{ij}+u\delta_{ij})\text{ }$
$= \sum_{i}\{\pi(F_{k\mathrm{t}})(e_{i})\cdot(F_{ij}+u\delta_{ij})+e_{i}\cdot[F_{kl}, F_{ij}]\}$
. $\pi$ $0_{n}$ , \mbox{\boldmath $\pi$}( )(eO $=-\delta_{ik}e\iota+\delta_{\mathrm{t},n+1-i}e_{n+1-k}$
. , F (3) – .
Remark 6. , $\pi\otimes \mathrm{a}\mathrm{d}$ $\mathit{0}_{n}$ $\eta_{j}(u)$ , $0_{n}$
$e_{j}$ – . , $0_{n^{-}}$
.
$(\pi, \mathrm{C}^{n})arrow(\pi\otimes \mathrm{a}\mathrm{d}, R)$; $e_{j}\mapsto\eta_{j}(u)$ .
, $C_{n}(u)$ .
, , (2) $\sim \mathfrak{h}_{n}$
,
. , 2 ,
Lemma 4 $\mathrm{a}\mathrm{d}(F_{k\mathrm{t}})C_{n}.(u)=0$ .
$\Theta$ , .
, $e_{1}e_{2}\cdots e_{n}\in\wedge \mathrm{C}^{n}\text{ }\pi(\mathit{0}_{n})$ 1 $\pi(\mathit{0}_{n})$- .
, $k,$ $l$ $\mathrm{a}\mathrm{d}(F_{kl})C_{n},(u)=0$ , $\eta_{1}(u_{1})\cdots\eta_{n}(u_{n})=$
$e_{1}\cdots e_{n}C_{n}(u)$ $(\pi \copyright \mathrm{a}\mathrm{d})(0_{n})$- . , $k,$ $l$
, $(\pi\otimes \mathrm{a}\mathrm{d})(F_{k\mathrm{t}})(\eta_{1}(u_{1})\cdots\eta_{n}(u_{n}))$ .
Lenlma 5 , $(\pi\otimes \mathrm{a}\mathrm{d})(F_{kl})(\eta_{1}(u_{1})\cdots\eta_{n}(v_{n}))$
$-\eta_{1}(u_{1})\cdots\eta_{l}(u_{k})\cdots\eta_{n}(\%)+\eta_{1}(u_{1})\cdots\eta_{n+1-k}(u_{n+1-l})\cdots\eta_{n}(u_{n}\rangle$ (4)
.
($k=l$ ) 2 (4) .
($k,$ $l\leq m$ $k\neq l$ ) (4) 1 $\eta_{l}(u_{*})$ 2 ,
$m$ . Lemma 4(1) , $\Theta$
$\eta_{1}(u_{*})2$ Lemma 4 (2)
, 1 . 2 2 $\eta_{n+1-k}(u_{*})$
, .
$(k, l)$ , $0_{n}$
. , $n=2m+1$ , $(k, l)=(m, m+1),$ $(m+1, m)$
, $n=2m$ , $(k, l)=(m-1, m+1),$ $(m+1, m-1)$ .
$C_{n}(u)$ – , 4
$(\pi\otimes \mathrm{a}\mathrm{d})(F_{k\mathrm{t}})(\eta_{1}(u_{1})\cdots\eta_{n}(v_{n},))=0$ . 4
, . 3 .
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$(n=2m+1;(k, l)=(m, m+1)$ )
$(\pi\otimes \mathrm{a}\mathrm{d})(F_{m,m+1})(\eta_{1}(u_{1})\cdots\eta_{n}(u_{n}.))=-\eta_{1}(u_{1})\cdots\eta_{m+1}(u_{m})\cdots\eta_{n}(u_{n})$
$+\eta_{1}(u_{1})\cdots\eta_{m+2}(u_{m+1})\cdots\eta_{n},(u_{n})$ . (5)
, $u_{j}$ $i$ . , $u_{m}-u_{m+1}=1/‘ 2$
, Lemma 4 (2) ,
$\eta_{m+1}(u_{m})\eta_{m+1}(u_{m+1})=\eta_{m+1}(v_{m})\eta_{m+1}(u_{m}-1+1/2)$
$=- \frac{1}{2}\Theta+\frac{1}{2}\eta_{m+1}(u_{m})e_{m+1}$ .
, (5) 1 ,
$- \eta_{1}(u_{1})\cdots\eta_{m-1}(u_{m-1})\{-\frac{1}{2}+\frac{1}{2}\eta_{m+1}(v_{m})e_{m+1}\}\eta_{m+1}(u_{m+2})\cdots\uparrow h(u_{n})$
.
, $u_{m+1}-u_{m+2}=1/2$ , Lelnma 4(2) ,
$\eta_{m+2}(u_{m+1})\eta_{m+2}(u_{m+2})=\eta_{m+2}(u_{m+2}+1-1/2)\eta_{m+2}(u_{m+2})$
$=- \frac{1}{2}e_{m+2}\eta_{m+2}(u_{m+2})$ .
, (5) 2 ,
$\eta_{1}(u_{1})\cdots\eta_{m}(v_{m})\cdot\frac{1}{2}e_{m+2}\eta_{m+2}(u_{m+2})\cdot’\eta_{m+3}(u_{m+3})\cdots\eta_{n}(v_{n})$
. , , (5) ,
$\frac{1}{2}\eta_{1}(u_{1})\cdots\eta_{m-1}(u_{m-1})\{\Theta+\eta_{m+1}(u_{m})e_{m+1}-\eta_{m}(u_{m})e_{m+2}\}\eta_{m+2}(u_{m+2})\cdots\eta_{n}(u_{n})$
(6)
. , $u\in \mathrm{C}$ , $\Theta=\sum_{i,j}e_{i}e_{n+1-j}F_{ij}=\sum_{j}\eta_{j}e_{n+1-j}=$
$\sum_{j}\eta_{j}(u)e_{n+1-j}$ , (6)
$\frac{1}{2}\eta_{1}(u_{1})\cdots\eta_{m-1}(u_{m-1})\cdot$
$\sum_{1\leq j\leq n,j\neq m,m+1}\eta_{j}(u_{m})e_{n+1-j}\cdot\eta_{m+2}(u_{m+2}.)\cdots\eta_{n}(u_{n})$
. , $(u_{1}, u_{2}, \ldots, u_{n})$ , $u_{m+1}$ ( $u_{1},$ $u_{2},$ $\ldots,\overline{u_{m+1}},$ $\ldots$ , )
$-1$ , Lemma 4(1) , $\sum$
$\eta_{j}(u_{m})$ j $<m$ , $j>m+1$ , $\eta_{j}(u_{*})$
. , , $n=2m+1,$ $(k, l)=(m, m+1)$
, $(\pi\otimes \mathrm{a}\mathrm{d})(F_{kl})(\eta_{1}(u_{1})\cdots\eta_{n}(u_{n}))=0$ .
44
4 $\mathrm{F}$
$C_{n}(u+v)$ \sim { $v^{\underline{d}}$ , $\mathrm{F}$ $C_{d}(u)$




$\mathrm{F}+$ $(n=2\prime m+1)$ .
$0_{m}$ $m$ . ,
$C_{d}(u)= \sum_{I\subset\{1,\ldots n\}},\det(\tilde{\mathrm{F}}_{I}+uI_{d}+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(d/2-1, d,/2-2, \ldots, d/2-d))$
. , $\tilde{\mathrm{F}}_{I}$ $I$ $\tilde{\mathrm{F}}$ ’J\ . $d=n$ $C_{n}(u)$
– . , $\triangle f(v)=f(v+1)-f(v)$
$C_{n}(u+v)$ ( $d/dv$




Proposition 7. $C_{d}(u\rangle$ $U(\mathit{0}_{n})$ .
5 Harish-Chandra
$C_{n}(u)$ $C_{d}(u)$ Harish-Chandra . ,
$C_{d}(u)$ $U(0_{n})$ ZU$(\mathit{0}_{n})$ ( – )
.
, Harish-Chandra -\mbox{\boldmath $\gamma$}: ZU$(0_{n})arrow U(\mathfrak{h})^{W}$ . , $\text{ }$ $\mathfrak{h}=$
$\mathrm{C}F_{11}\oplus\cdots\oplus \mathrm{C}F_{mm}$ ($n=2m$ $n=2m+1$) , $U(\text{ })^{W}$ U( )
. $F_{1j}(i<j)$ , $F_{ij}(i>j)$
$0_{n}$ $\gamma:U(\mathit{0}_{n})arrow U(\text{ })$ ,
$\rho\in \text{ }*$ U( ) $\rho$ , Harish-Chandra
$\overline{\gamma}$ $\overline{\gamma}=(\mathrm{i}\mathrm{d}_{U(\mathfrak{h})}-\rho)\circ\gamma$ . 7 ZU$(\mathit{0}_{n})$ $U(\text{ })^{W}$
.
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. $d\in\{1, \ldots, n\}$ , $C_{d}(u)$ ,
$\overline{\gamma}(C_{d}(u))=\sum_{k=0}^{\lfloor d/2\rfloor}(-1)^{k}\sigma_{k}\{\frac{(-1)^{n-d}}{(n-d)!}\sum_{t=0}^{n-d}(-1)^{\mathrm{t}}(u+t-(n-d)/2)^{n-2k}\}$
. $\sigma_{k}$ , $F_{11}^{2},$ $\ldots,$ $F_{mm}^{2}$ $k$ , $\lfloor d/2\rfloor$ $d/2$
.
Proof. $F_{ij}(i<j)$ ) , $C_{n}(u)$ $\gamma$ ,
$C_{n}(u)$ summands $\sigma$ ,
, $\rho-$ $C_{n}(u)\text{ }\overline{\gamma}$
.
$C_{d}(u)$ , $C_{d}(u)\text{ }\overline{\gamma}$ $\text{ },$ $\overline{\gamma}(C_{n}(u+$
$v))$ . 2 ,
.
Remark 9. Remark 2 \rangle $u$ $u^{=d}$
$C_{n}(u)$ , Harish-Chandra ,
6 U(on)
$n=2m+1$ , $U(\text{ })^{W}$ $F_{11}^{2},$ $\ldots,$ $F_{mm}^{2}$ , $n=2m$
, $F_{11}^{2}$ , , $F_{mm}^{2}$ $F_{11}\cdots F_{mm}$ . ,
Theorem 8 Harish-Chandra , ZU$(\mathit{0}_{n})$
.
Proposition 10. $n=2m+1$ , $\{C_{2}(u), C_{4}(u), \ldots, C_{2m}(u)\}$ $U(0_{n})$
.
$\uparrow \mathrm{t}=2m$ , $\{C_{2}(u), C_{4}(u), \ldots , C_{2m-2}(u), C^{\mathrm{P}\mathrm{f}}\}$ $U(\mathit{0}_{n})$
. , $C^{\mathrm{P}\mathrm{f}}\in ZU(0_{n})$ $F_{11}\cdots F_{mm}$ 7 .
$n=2m$ $C^{\mathrm{P}\mathrm{f}}$ , (cf.





. FS2m 2m $\cross$ 2m ,
. Harish-Chandra , ,
$(C^{\mathrm{P}\mathrm{f}})^{2}=(-1)^{m}C_{2m}(0)$
.
Theorem 8 , $C_{2k+1}(u)$ $C_{2}(u),$ $C_{4}(u),$ $\ldots,$ $C_{2k}(u)$ ,
Proposition 10 $d$, $C_{d}(u)$
, Theorem 8 $\overline{\gamma}(C_{d}(u))$ \iota / , $u=0$ $d$
, .
Proposition 11. $d$ $C_{d}(0)=0$ .
7
,
, 2 Howe-Umeda [HU91] , Itoh-Umeda
[IUOI] , Molev [Mo195] Sklyanin
determinant . Howe-Umeda ,
, Itoh-Umeda Molev
. 3 Harish-
Chandra , ( )
. , 3 , Itoh-Umeda
. Harish-Chandra –
.
$n\cross n$ $\Phi$ , $\mathrm{D}\mathrm{e}\mathrm{t},$ $\Phi$
$\mathrm{D}\mathrm{e}\mathrm{t}\Phi=\frac{1}{n!}\sum \mathrm{s}\mathrm{g}\mathrm{n}(\sigma)\mathrm{s}\mathrm{g}\mathrm{n}(\sigma’)\Phi_{\sigma(1)\sigma’(1)}\cdots\Phi_{\sigma(n)\sigma’(n\rangle}$,
$\sigma,\sigma’\in 6_{n}$
. $\Phi$ , $\det\Phi$ . ,
$(u_{1}, \ldots,u_{n})$ $\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, \ldots,v_{n})$
$\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, \ldots, u_{n})=\frac{1}{n!},\sum_{\sigma,\sigma\in 6_{n}}\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)\mathrm{s}\mathrm{g}\mathrm{n}(\sigma’)\cross$
$(\Phi_{\sigma(1)\sigma’(1)}+u_{1}\delta_{\sigma(1)\sigma’(1)})\cdots(\Phi_{\sigma(n)\sigma’(n)}+*\delta_{\sigma(n)\sigma’(n)})$
47
. , , summands
, $\mathrm{D}\mathrm{e}\mathrm{t}_{1}(\mathrm{F};u_{1}, \ldots, u_{n})$
$u_{j}\in \mathrm{C}$ $U(0_{n})$ . $\mathrm{D}\mathrm{e}\mathrm{t}$
$\mathrm{D}\mathrm{e}\mathrm{t}(g\Phi g^{-1};u_{1}, \ldots, u_{n})=\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, \ldots, v_{n}.)$ $(g\in GL_{n}.(\mathrm{C}))$
, $F$
$(\mathrm{A}\mathrm{d}(g)F_{ij})_{1\leq i,j\leq n}={}^{t}g\mathrm{F}{}^{t}g^{-1}$ $(g\in O_{n}:=\{x\in GL_{n}(\mathrm{C}) ; t_{XS_{n}x}=S_{n}\})$
, $\mathrm{D}\mathrm{e}\mathrm{t}(\mathrm{F};u_{1}, \ldots, u_{n})$ .
, , Harish-Charudra






$u(u^{2}-F_{11}^{2})\cdots(u^{2}-F_{mm}^{2})$ $(\prime n=2m+1)$ .
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